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SUMMARY

ln order to obtain a proper understanding of the transport of ions in mem-
branes one must know the hydration energies of ions in water and the equivalent
quantjties arising from the electrostatic interaction of the ion with the membrane
material.  In this paper the effect of dielectric saturation on these quantities is discussed
and a simple theoretical treatment of this phenomenon is proposed. The results are
compared with values obtained from thermodynamic data.

Zn a former publication’ a study was made of the problem of transport of ions
through membranes and analytical solutions were obtained corresponding to certain
particular models. It was shown that the dielectric behaviour of the membrane
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DISCUSSION OF "[HE MODEL AND DERIVATION OF ENERGY FORMULAE 

Consider an isotropie dielectric medium and divide its polarisation into two 
components: 

Pi which is associated with the displacement of ions and charged groups or 
the rotation of polar groups and 

Pe which is associated with the polarisatima of the electronic charge cloud~ 
relative to the positive atomic cores. 

It is assumed that Pi saturates at some value P,. but below this value is linearly 
rela~ed to the local electric field. P, is linearly related to the local field for all attainable 
values of this field. 

We wish to calculate the energy density associated with the polarisation for 
this simple model. We begin by considering the energy associated with Pi and assume 
N polarisable units m-a each having an effective charge, q, and an effective displace- 
ment, x. 

Then 

ei =qNx (1) 

Below saturation let the restoring force per unit be fix, so that in this region 

f ix  = q(E o + E L'4" ED) (2) 

where Eo is the applied field, E L the Lorentz field and E D the field resulting from 
polarisation remote from the region under consideration (i.e. the effect of polarisation 
not included in El.). 

Then, dividing the interaction energy evenly between the interacting parts, the 
energy per polarisable unit associated with Pi will be 

U i • ½ f i x  2 - -  qx" (E o + ½E L + ½ED) (3) 

Let eo be the electrical permittivity of free space and define Xoi by 

then 

Pi-" ~o~(oi(Eo -1" EL -t- ED) 

q2N 
Zoi- (5) 

From Eqns 3, 4 and 5 one can show that this energy m -a is given by 

Pi 2 
U i --'= Nu i  - Pi" (Eo "~- ½EL "~- ½ED') (6) 

2%Xoi 

We further assume that the same Lorentz factor, L, applies to both Pi, Pe and their 
interaction via the Lorentz field. 

Thus 

L (Pi '~ P~) EL = ~o (7) 

Thus from Eqns 6 and 7 
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p2i -Pi ["  A q 
" - + (P,+ P.), 
' ~ '  - 2eoXm - ~ L So j 

In a similar manner one can show that 

( 8 )  

J1~¢2 Pc" [2~0 ~- ~D "~" L (Pi "~- Pe)] (9) 
= z Oxo.-  L o j 

where Zo= is analogous to Zoi and is associated with the electronic polarisation. Hence 
the t o l l  energy density is given by 

U =  P i 2  -! Pe2 L (Pi.l.pe)2 R (10) 
2SoXoi 28oZo= 280 

where 

R = ½(Pi + P,)" (2Eo + £D) (11) 

It is convenient to define 

go= + gol 
X = l -L (go ,  + Zoo) (12) 

XOc 
Xh-- 1 --LXo¢ (13) 

and 

~Oi 
Zi  = 1 --  LZo  i (14) 

where Z is the low frequency susceptibility, Zh is the high frequency susceptibility 
and Xi is not directly observable. Then rearranging Eqns 10 and using 13 and 14 
one obtains 

Pi 2 =De 2 L 
U - 2SoXi "1 Pi" P= - R (15) 2SOXh SO 

From Eqns 12, 13 and 14 one can show that 

1 = (1 + LXh) 2 -!- L2Xh (16) 
Xi X--Xh 

Hence 

O -- (l q-XhL)2Pi 2 L2Xhpi 2 Pe 2 L 
2eo(~--Xh) + 280 ! Pi" Pc-- R (17) 2SoXh So 

To proceed further one must ~,ecify ~. particular model. For the model dis- 
cussed in this paper, outside the region of saturation one obtains the well known 
result 

U = -½~:o'(P~ + P.) (18) 

In the region of saturation 
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Pi = Pm 

:,.ad 
Pc = 8o;(oc(Eo + EL + ED) 

Using Eqn 7 

Pe = xhLPm ÷ 8oZh(Eo + ED) 

Using Eqns 11, 17, 19 and 21 it can be shown that 

u = P° g-o. (p,+po) 
2eo(;~- Xh) 2e0Xh 2 

(19) 

(20) 

(21) 

(22) 

where P0c is defined by 

P a ' -  (1 -~- LZh)Pm (23) 

SPHERICAL CHARGE, e, IMMERSED IN THE MODEL DIELECTRIC 

As the medmm is isotropic only the radial components of field and displace- 

ment  are non zero. 
Thus 

Eo = 1 e (24) 
4neo r 2 

D = __1 _e (25) 
an r 2 

Outside the region of saturation 

e 
Eo + ED = 4:~eoXr2 

where x is the dielectric constant. 
Inside the region of saturation 

(26) 

D = ~OtCh(E o q- ED)+ P~ = _ _ - -  
1 e (27) 

47: r 2 

where 

t¢ h - -  i -I- ~ h  (28) 
(this expression allows for the polarization of the electronic component by Pm via 
the Lorentz field). 

Hence 

~)K h 2 

At the interface between the two regions the fields must join smoothly hence 

(29) 
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r c ~, ~ .  

where rc defines the interface. From Eqn29 in the region of saturation 

. - -  - -4~  (31) 
/~h \ r  / 

Outside this region it is easy to show that 

Z e 2 
tro , = 28o  (4- r (32) 

Inside this region using Eqns 22. 24 and 31 one obtains 

U , .=  1 FP.2r 2 2p.r(4_~,r2) ( e ) 2 ]  
280~S:h L X----'~h -- zh/~ ~ (33) 

If there were no saturation Eqn 32 would apply in both regions and thus the change 
in energy density due to saturation is given by the difference between Eqns 32 and 33 

1 r - (Z-Xh)  (34) 
Uin-- U°ut = 280S:~h(Z- ~h) 

If one defines the total change of energy due to saturation as A U, then 

AU=4~ I,~ (Ui.- Uout) P2 dr (35) 

where ro is the radius of the inserted charge. 
Then 

(1  l . ) [ ( r _ _ o ) 8  ( ro )  1 (ro~ 3 ] 
e2 '~h [¢ - 5 +  2 ~ 3 \ r j  A U = 87rSor ~ - (36) 

The hydration energy, ignoring saturation effects (originally obtained by Born 3) is 
given by e2(1) 

UB=4rt ~,o U°utr2dr = 8nSoro 1 - (37) 

HYDRATION ENERGIES OF ALKALI IONS 

It is assumed in this discussion that it is legitimate to treat water as a con- 
tinuum having tc given by the static dielectric constant and Xh given by the squere 
of the refractive index as measured in the middle of the visible range. 

If one takes ~=78 and Xh= 1.778 and makes use of Eqns 36 and 37 it is easy 
to obtain the following expression for the hydration energy of singly charged ions. 

7.1068ro ._I 1-0.5568F (_~)]ro (38) U. 

where the radii are in Angstrom units, the energy is in electron volts and 

F(Z)= I -§Z + EZ2--}Z 4 (39) 
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rc is defined in terms of the saturation poladsation via Eqn 30 and ro is the effective 
radius of the ion in solution. Clearly the ro values should~e somewhat larger than 
the radii estimated by Pauling on the basis of the packing in ionic crystals. It is 

assumed that 

ro f G + fl (40) 

where rp is the Paufing radius and fl is a constant appficable to all the alkafi ions. 
fl is chosen to reproduce the experimental values of Us deduced from thermodynamic 
data by Noyes 4. Before canT~ ing through this calculation however one must determine 
a va~ue of P~ to be inserted into Eqn 30 so that one can calculate re. Buckingham s 
has argued that the first hydration shell consists exclusively of water molecules whose 
dipole moments point directly away from the ion. Using this model he was obfiged 
to assume that the 6rst shell consists of only four molecules tetrahedrally coordinated. 
l~nfortunately such an arrangement involves a large amount of unoccupied space 
near the ion. The introduction of more nearest neighbour molecules into this model 
leads to less satisfactory agreement with experimental results. The present author 
believes that one .~hould employ a model which does not involve unfilled space near 
the ion. Furthermore one would expect the hydrogen bonds between the molecules 
to introduce constraints and prevent all the molecules orienting themselves in a radial 
manner. At the present time it does not seem possible to make an accurate estimate 
of the value of P~ and hence, ria Eqn 23, P~. One can however obtain a reasonable 
value of Pm if it is assumed that, over a few atomic spacings and at physiological 
temperatures, the structure of water is like ice. One can then work out the various 
arrangements which water molecules can take on if it is required that there be a 
maximum in the electric polarisation but that the tetrahed~al coordinatiov charac- 
, ~=ristic of ice is preserved. Taking for the electric moment of tl~e free water molecule 
/~w= 1.83 Debye Units 6, the maximum mean component along a particular direction 
becomes 

/~w=0.8332 Deb2oe Units (41) 

The increase of this quantity resulting from electronic polarisation brought about 
by the Lorentz field is taken into account in the relationship between Pm and P~. 

Accordingly we proceed on the assumption that the mean saturation moment 
per molecule is given by Eqn 41 and use Eqn 30 to obtain rc=3.264 A for singly 
charged ions and ~¢=4.615 A for doubly charged ions. The best choice of fl for the 
ions of Na+, K+, Cs+, Rb + is fl =0.57 A from which one obtains the results dis- 
played in Table I. As a check on this procedure one can take the values of P~ and 
fl already employed and use them to obtain the hydration energies of the alkali earth 
ions. The results are presented in Table II. 

It should be noted that the values of UH here calculated only take into account 
the electrical energy involved. The quantities obtained by Noyes 4 with which com- 
parison is made are corrected by him so as to correspond to the electrical energy only. 
The results for Na + and K + agree with the results of Noyes 4 to within 2°/~ and the 
worst discrepancy between theory and experiment for any of the ions considered 
is I0°:o. The results of a similar calculation previously published by the present 



HYDRATION ENERGY A ~  ION TRANSPORT 149 

TABLE I 

COMPARISON OF THEORETICAL ~ N D  EXPERIMENTAL HYDRATION ENERGIES 
FOR THE ALKALI IONS 

rp is the Pauling radius in Angstrom units, Uexp is the hydration energy derived from thermo- 
dynamic data in electron volts per ion, UB is the hydration energy according to the simple Born 
theory and UTu is this energy derived from the c~ alafions presented in the present paper. 

Ion rp Uez~ UB UTu 

Na + 0.97 4.27 7.33 4.18 
K + 1.33 3.49 5.34 3.56 
Rb + 1.47 3.27 4.83 3.36 
Cs + 1.67 2.94 4.26 3.10 

TABLE 1I 

COMPARISON OF THEORETICAL AND EXPERIMENTAl. HYDRATION ENERGIES 
FOR THE ALKALI EARTH IONS 

The notation is as for Table I. 

Ion r~ U~xp U~ UTn 

Mg 2+ 0.65 19.69 43.73 17.68 
Ca 2+ 0.99 16.45 28.71 14.94 
Sr 2+ 1.13 14.73 25.16 14.08 
Ba ~+ 1.35 13.61 21.06 12.93 

author 7 gave a rather better fit with experiment. However they depended on scaling 
up the Pauling radius by a multiplicative factor rather than an additive factor. The 
use of an additive faaor  however seems physically more reasonable. Buckingham 5 
and Ross 8 have both given some account of previous attacks on this problem and 
reference should be made to their papers. Even the most refined calculations have 
always been based on certain ad hoc assumptions about the values of the parameters 
to be employed. Thus, until a really complete theory of this subject is worked out, 
there seems some value in having available a simple theory such as the one presented 
here which leads to reasonably accurate results and co~,fld readily be extended to 
materials other than water. 

APPLICATION TO MEMBRANE THEORY 

It is evident that the relative "'hydration energies" of an ionic species in water 
and in the material which surrounds membrane pores have a critical effect on the 
permeability of the membrane to that particular species ~. Elsewhere the present 
author 7 has suggested that the negative resistance characteristics shown by excitable 
membranes could be explained by the assumption that the "hydration" energies of 
ions in the membrane are dependent on the e~e~ric potential across the membrane. 
Such a situation could be brought about if the material surrounding the pores was 
fen'oelectric. Experimenta! work now being carried out by the author points to the 
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probability of certain proteins being ferroelectrics. An  understanding of their inter- 
action with ions is ~ y o n d  the sco~  of the present paper. However the theo~  outlined 
here should be applicable to non excitable membranes. R e  following conclusions 
then appear 

(1) The effective ionic radius of cations should be token to be about 0,6 A larger 
than the Pauling radius when hydration e f fe~  are considered. 

(2) The saturation effect is i m p o ~ n t  for small monovalent ions and for di- 
valent ions. It can be characterised by one additional parameter rc which depends 
on Pm (this assertion supposes an isotropic material). In order to calculate the 
relative hydration energies of ions in water and in various biological materials one 
must know not only the values of x but also of Jc h and Pm for these materials. 

(3) It thus seems important to carry out both theoretical and experimental 
studies of dielectric saturation effects in biological materials. Experiments must be 
carried out at a sufficient level of humidity so that damage to the structure is avoided. 
At the present time no studies of this type appear to have been carried out and 
published. The only theoretical study of which the author is aware is the examination 
of the polarisability of the hydrogen bond made by Janoschek et aL 9. 
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